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Abstract 

In this paper I will investigate geometrical structures of multipartite 
quantum systems based on complex projective varieties. These varieties 
are important in characterization of quantum entangled states. In par- 
ticular I will establish relation between multi-projective Segre varieties 
and multip-qubit quantum states. I also will discuss other geometrical 
approaches such as toric varieties to visualize complex multipartite quan- 
tum systems. 

1 Introduction 

Characterization of multipartite quantum systems is very interesting research 
topic in the foundations of quantum theory and has many applications in the 
field quantum information and quantum computing. And in particular geomet- 
rical structures of multipartite quantum entangled pure states are of special 
importance. In this paper we will review the construction of Segre variety for 
multi-qubit states. We will also show a construction of geometrical measure of 
entanglement based on the Segre variety for multi-qubit systems. Finally we 
will establish a relation between the Segre variety, toric variety, and multi-qubit 
quantum systems. The relation could be used as a tool to visualize entanglement 
properties of multi-qubit states. Let Qj, j = l,2,...m be quantum systems 
with underlying Hilbert spaces 'Hqj- Then the Hilbert space of a multi-qubit 
systems Q, is given by Hq = Hg„ ® ^Q„_i ® • • • ® 'Hqi , where Hq^ = and 
dim^Q = 2". Now, let 
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be a vector in Hq, where \xmXm-i • • • a^i) = \xm) ® \xm-i) ® • ■ • ® \xi) are 
orthonormal basis in T-Lq and Ux^x-^^f-xi 6 C. Then the quantum states are 
normalized vectors in V{'hLQ) ~ Hq/ ~. Moreover, let pQ = X^ILi 
for all < Pi < 1 and X^ILiK ~ !> denotes a density operator acting on the 
Hilbert space Hq. 



1 



The density operator pQ is said to be fully separable, which we will denote 
by Pq^, with respect to the Hilbert space decomposition, if it can be written 
as = Y^^iPi ®j=i /^Qj' where p^Q, denotes a density operator on Hilbert 
space T-Lq - . If Pg represents a pure state, then the quantum system is fully 
separable if pg can be written as p^q' = ® JLi PQj , where pQ. is the density 
operator on "Hg^ . If a state is not separable, then it is said to be an entangled 
state. 



2 Projective geometry 

In this section we give a short introduction to variety. Let C[z] = C[zi , Z2, . . . , Zn] 
denotes the polynomial algebra in n variables with complex coefficients. Then, 
given a set of r polynomials {31,52, ■ ■ ■ ^gr} with gi G C[z\, we define a complex 
affine variety as 

Vc(5i,92, . . . , gr) = {P e C" : g,[P) = V 1 < i < r}, (2) 

where P G C" is called a point of C" and if P = (oi, 02, . . . , a„) with aj G C, 
then flj is called the coordinates of P. A complex projective space CP" is 
defined to be the set of lines through the origin in C"+^, that is, 

CP" ^ i— L, A e C - 0, Vi = Am, V < i < n + 1, (3) 

u ^ V 

where u = (ui, . . . , Un+i) and v = (wi, . . . , Un+i)- Given a set of homogeneous 
polynomials {gi, (72, . • . , 5r} with gi G C[z], we define a complex projective 
variety as 

V(<7i, . . . = {O G CP" : g,{0) = V 1 < z < r}, (4) 

where O = [ai, 02, . . . , fln+i] denotes the equivalent class of point {ai, a2, . . . , 
a„+i} G C"+^. We can view the aSine complex variety Vc(ffi, 32, ■ • ■ , ffr) C 
C"+^ as a complex cone over the complex projective variety V{gi,g2, ■ ■ ■ ,gr)- 
We can map the product of spaces CP^ x CP^ x • ■ • x CP^ into a projective 

m times 

space by its Scgrc embedding as follows. The Segre map is given by 

52,. ..,2 : Cpi X Cpi X • ■ • X Cpi — > Cp2"-\ (5) 

is defined by ((aJ, a}), . . . , (a^J', a^')) ^ (a™ a"^-^^ ' ' • "ij, where (a^, «!) is 
points defined on the ith complex projective space CP and ai^^i^^_-^...i-^fi < 
«s < 1 be a homogeneous coordinate- function on CP^ Moreover, let us 
consider a multi-qubit quantum system and let A — (Q!i„,i„_i...ii)g<j <j , for all 
7 = 1, 2, . . . , m. A can be realized as the following set {{ii, 12, ■ ■ ■ ■, im) : 1 < is < 
2, V s}, in which each point (z™, i,„_i, . . . , ii) is assigned the value Q;i„i„_i...ii . 
For each s = 1, 2, . . . , m, a two-by-two minor about the j-th coordinate of A is 
given by 

-^A ~ Otx,„x,n^i...xiOiy„^y„^-i...yi ~ Oix,„x^-i...Xs + iysXs-i---XiOiymym-l---ys + lXsys-l---'i^) 
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Then the ideal is generated by The image of the Segre embedding Im(52,2,...,2), 
which again is an intersection of famihes of quadric hypersurfaces in CP'^ 
is called Segre variety and it is given by 



Im(52,2,...,2) = C]VilT 



(7) 



This is the space of separable multi-qubit states. Moreover, we propose a mea- 
sure of entanglement for general pure multipartite states based on modified 
Segre variety as follows 



^(Qj;,(2,2...,2)) = (A/- J2 



E 

VcrePcrm(u) kj.lj ,j=l,2, 



\0!kik2...k^O!l^l2---lm ~ a(T(fci)<T(fc2)...(T(fc„)a(T(/i)(T(/2)...a(U)n^ i^) 

where a £ Perm(u) denotes all possible sets of permutations of indices for which 
fcifc2 . . . fc„i are replace by I1I2 ■ ■ ■ Im, and u is the number of indices to permute. 

As an example we will discuss the four-qubit state in which we first en- 
counter these new varieties. For this quantum system we can partition the 
Segre embedding as follows: 



pi X Pi X Pi X pi 



*^2,. .. ,2 

p2 
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■P3 X Pl X Pl 

/®52,2 

_p3 X p3 



For the Segre variety, which is represented by completely decomposable tensor, 
we have a commuting diagram and 52,. ..,2 = {Saa) ° [I ® ^2,2) ° (152,2 ® / ® /). 



3 Toric variety and multi-qubit quantum sys- 
tems 

Let S C R" be finite subset, then a convex polyhedral cone is defined by (t = 
Cone(S') = {J2ves ^■"''^l^v > O} . In this case a is generated by S. In a similar 
way we define a polytope by P = Conv(S') = {X^ues A„t;| A„ > 0, X^-ueS = ^} ■ 
We also could say that P is convex hull of S. A convex polyhedral cone is called 
simplicial if it is generated by linearly independent set. Now, let a C R" be 
a convex polyhedral cone and (u, v) be a natural pairing between u G R" and 
V G R". Then, the dual cone of the a is define by 

a"" = {u e R"*|(it,t;) >Qyvea}, 

where R"* is dual of R". We call a convex polyhedral cone strongly convex if 
ani-a) = {0}. 

The algebra of Laurent polynomials is defined by C[z, z ^] = C[zi, z^^, . . . , Zn, z„ '^], 
where Zi = x'^' ■ The terms of the form X ■ z^ ~ Azf ^Zj^ • • • z^" for /3 = 
(/3i, /32, ■ . ■ , G Z and A £ C* arc called Laurent monomials. A ring R of 
Laurent polynomials is called a monomial algebra if it is a C-algebra generated 
by Laurent monomials. Moreover, for a lattice cone cr, the ring 

i?^ = {/ e C[z, z-i] : supp(/) C a} 
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is a finitely generated monomial algebra, where the support of a Laurent poly- 
nomial / = Aiz' is defined by 

supp(/) = {ie Z" : A, ^ 0}. 

Now, for a lattice cone tr we can define an affine toric variety to be the maximal 
spectrum 

Xo- = Speci?£r- 

A toric variety Xs associated to a fan E is the result of gluing affine varieties 
Xjj — Speci?o- for all cr G S by identifying Xcr with the corresponding Zariski 
open subset in X^/ if cr is a face of a . That is, first we take the disjoint union 
of all affine toric varieties X^r corresponding to the cones of E. Then by gluing 
all these affine toric varieties together we get X^. 

A compact toric variety Xa is called projective if there exists an injective 
morphism 

$ : — > P'' 

of As into some projective space such that ^(Aj]) is Zariski closed in P''. A 
toric variety As is equivariantly projective if and only if E is strongly polytopal. 
Now, let As be equivariantly projective and morphism $ be embedding which is 
induced by the rational map (j) : Xa — > defined by p n- [z"^" , z™^ , . . . , z™''] , 
where z^'{p) = p™' in case p = (pi,p2, • • -Pn)- Then, the rational map $(A's) 
is the set of common solutions of finitely many monomial equations 



io il is is+l is+2 ir 



(9) 



which satisfy the following relationships 

l^omo + Pimi H h /S^ms = /Ss+ito^+i + Ps+2ms+2 H 1- /3r"V (10) 

and 

/30 + A + ■ • ■ + A = A+l + A+2 + ■ • • + /3r, (11) 

for all Pi e Z>Q and I — 0,1, ... ,r [3]. As we have seen for multi-qubit systems 
the separable states are given by the Segre embedding of CP^ x CP^ x • • • x CP^. 
Now, for example, let zi = a\/a}j, z^ = af/aQ, . . . , z„i = a^/a™- Then we can 
cover CP^ x CP^ x • • • x CP^ by 2™ charts 

^Ai = {{zi,Z2,...,Z,n)}, 
-^Aa ~ {(^1 ^2, • ■ • , Zm)}, 

^A^™-! {(^1: 22~^ ■ • ■ : ^m^)}: 
-^Ajm ~ {(^1 1 ^2 : ■ • ■ : )} 

Let US consider the m -hypercube E centered at the origin with vertices (±1, . . . , ±1) 
This gives the toric variety A's = CP^ x CP^ x ■ • • x CP^ Now, the map $(A's) 
is a set of the common solutions of the following monomial equations 
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that gives quadratic polynomials akik2...k^oii^i2-i^^ = "fcifc2...ij...fer,."iii2...fcj...U 
for all j = 1, 2, . . . , m which coincides with the Segre ideals. Moreover, we have 

^[Xt,) = SpecmC[aoo...o, aoo...i, • ■ • , (13) 

where I{A) = (Q!feife2...fc,„azi/2.../™ - oik^k2...i,...k^Oii^i2...kj...i,^)yj:k,,ij=o,i- This 
toric variety describe the space of separable states in a multi-qubit quantum sys- 
tems. In summary we have investigated the geometrical structures of quantum 
multi-qubit states based on the Segre variety toric varieties. We showed that 
multi-qubit states can be characterized and visualized by embedding of toric 
variety in a complex projective space. The results are interesting in our voyage 
to the realm of quantum theory and a better understanding of the nature of 
multipartite quantum systems. 
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